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1 Introduction
This note is an announcement of a continuation of the paper [4], and gives a further research
on wavelet inversion formula. The aim of the note is to replace the special orthogonal group by
the spin group in the wavelet inversion formula.
A matrix representation of the three dimensional rotation associated with a spin is given
explicitly as an appendix.
2 Definitions and notations
We first recall some definitions and notations about Clifford and spin groups from [6]. Rn
denotes the n-dimensional real Euclidean space with an orthonormal basis {ei}ni=1. For two
vectors x, y ∈ Rn, x · y denotes the inner product of x and y. We denote by A(Rn) the Clifford
algebra with the following properties:
(1) A(Rn) has an identity element 1;
(2) Rn is a subspace of A(Rn), and x2 = −x · x for x ∈ Rn;
(3) the 2n elements ei1 · · · eis for i1 < · · · < is, 0 ≤ s ≤ n, (with the understanding that the
product means 1 if s = 0) form a basis of A(Rn).
We have a basic equality xy + yx = −2x · y for every x, y ∈ Rn. In particular, e2i = −1,
eiej = −ejei (i = j). The elements ei1 · · · eis for i1 < · · · < is, 0 ≤ s ≤ n, with even s form
a basis of A+(Rn), which is called the even Clifford algebra. The collection of all invertible
elements of A(Rn) is denoted by A(Rn)×. Let us now put
G(Rn) = {α ∈ A(Rn)× |αRnα−1 = Rn},
G+(Rn) = G(Rn) ∩A+(Rn).
We call G(Rn) the Clifford group, and G+(Rn) the even Clifford group. For α ∈ G(Rn) and
x ∈ Rn, the action τ(α) on x is defined by
τ(α)x := αxα−1 ∈ Rn.
It is easily seen that τ gives a homomorphism of G(Rn) into the orthogonal group O(n). The
canonical involution of A(Rn) is defined by
(ei1 · · · eis)∗ = eis · · · ei1 .
We have αα∗ ∈ R× for α ∈ G+(Rn), and denote it by ν(α). Let us now put
G1(Rn) = {α ∈ G+(Rn) | ν(α) = 1},
which is called the spin group. The map τ : G1(Rn)→ SO(n) is a two-fold covering map, where
SO(n) denotes the special orthogonal group of Rn. If n ≥ 3, then G1(Rn) is simply connected.
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The collection of all integrable functions, and that of all square integrable functions on Rn
are denoted by L1(Rn) and L2(Rn), respectively. For f ∈ L1(Rn), the Fourier transform of f is
defined by
fˆ(ξ) :=
∫
Rn
f(x)e−ix·ξ dx, ξ ∈ Rn.
The Fourier transform has a natural definition on L2(Rn). The operator
√−∆, the square root
of −∆, is defined by
√−∆f(x) = (2pi)−n
∫
Rn
fˆ(ξ)|ξ|eix·ξdξ,
for all f with fˆ(ξ)|ξ| ∈ L1(Rn); this is a pseudodifferential operator of order one with the symbol
|ξ|, and has a natural definition for all f with fˆ(ξ)|ξ| ∈ L2(Rn), too.
A multidimensional version of classical wavelet functions and transforms is defined as follows.
See [2, section 2.6] and [5]. We say that ψ ∈ L2(Rn), n ≥ 2, is a wavelet if the following
admissibility condition holds:
Cψ,n :=
∫
R
∫
SO(n)
|ψˆ(aρe)|2 dρ da|a| <∞,
where e is any unit vector in Rn and dρ is the Haar measure on SO(n). We note that the value
of Cψ,n is independent of the choice of e. For a ∈ R, a = 0, ρ ∈ SO(n), b ∈ Rn, we put
ψa,ρ,b(x) =
1
|a|nψ
(
1
a
ρ(x− b)
)
, x ∈ Rn.
Then the wavelet transform of f ∈ L2(Rn) is defined by
Wψf(a, ρ, b) =
∫
Rn
f(x)ψa,ρ,b(x) dx.
We now recall the classical inversion formula for wavelet transforms as follows:
f(x) = C−1ψ,n
∫
Rn
∫
SO(n)
∫
R
Wψf(a, ρ, b)ψa,ρ,b(x)
dadρdb
|a| , f ∈ L
2(Rn).
In this note, we say that ψ ∈ L2(Rn) is a wavelet if the following admissibility condition
holds:
Dψ,n =
∫
R
∫
G1(Rn)
|ψˆ(aαeα−1)|2 dα da|a| <∞,
where e is any unit vector in Rn and dα is the Haar measure on G1(Rn). We note that the value
of Dψ,n is independent of the choice of e. For a ∈ R, a = 0, α ∈ G1(Rn), b ∈ Rn, we put
ψa,α,b(x) =
1
|a|nψ
(
1
a
α(x− b)α−1
)
, x ∈ Rn.
Then the wavelet transform of f ∈ L2(Rn) is defined by
Wψf(a, α, b) =
∫
Rn
f(x)ψa,α,b(x) dx.
We have an analogous formula for wavelet transforms as follows:
f(x) = D−1ψ,n
∫
Rn
∫
G1(Rn)
∫
R
Wψf(a, α, b)ψa,α,b(x)
dadαdb
|a| , f ∈ L
2(Rn).
3 Main theorem
We are now ready to state the following main theorem.
Theorem 3.1 Let f , ψ, |ξ|ψˆ(ξ) ∈ L2(Rn) and f , fˆ ∈ L1(Rn). Suppose that for any unit vector
e ∈ Rn, we have ∫
R
∫
G1(Rn)
|ψˆ(aαeα−1)| dαda <∞.
Put
Aψ :=
∫
R
∫
G1(Rn)
ψˆ(aαeα−1) dαda,
where e is any unit vector. If Aψ = 0, then we have for almost every b ∈ Rn
f(b) = A−1ψ
∫
R
∫
G1(Rn)
√
−∆bWψf(a, α, b) dαda.
Furthermore, let ψ ∈ L1(Rn) and suppose that the function Bψ(p) defined by
Bψ(p) := 2pi
∫
x·e=p
∫
G1(Rn)
ψ(αxα−1) dαdµ, p ∈ R
is continuous at p = 0, where dµ is the Lebesgue measure on the hyperplane {x ∈ Rn |x ·e = p}.
Then we have Aψ = Bψ(0).
This theorem is an analogue of [4, Theorem 3.2], which is a multidimensional version of [3].
See also [1]. We only note that the Plancherel formula yields
Wψf(a, α, b) =
∫
Rn
f(x)|a|−nψ(a−1α(x− b)α−1) dx
= (2pi)−n
∫
Rn
fˆ(ξ)ψˆ(aαξα−1)eib·ξ dξ.
The rest of the proof proceeds in the same way as that of [4]. A major difference is the fact that
every rotation has a signature {±1}, and may have some further application.
4 Appendix
A matrix representation of the three dimensional rotation associated with a spin is given explic-
itly as follows:
For α = a+ be1e2+ce1e3+de2e3 ∈ G1(R3), the matrix representation A of the rotation τ(α)
is given by
A =
 a2 − b2 − c2 + d2 −2ab− 2cd −2ac+ 2bd2ab− 2cd a2 − b2 + c2 − d2 −2ad− 2bc
2ac+ 2bd 2ad− 2bc a2 + b2 − c2 − d2
 .
We can also make sure that the matrix A is orthogonal and detA = 1 by using the equality
a2 + b2 + c2 + d2 = 1.
References
[1] F. Brackx and F. Sommen, Clifford-Hermite wavelets in Euclidean space, J. Fourier Anal.
Appl. 6 (2000), no. 3, 299–310.
― 　 ―109
The collection of all integrable functions, and that of all square integrable functions on Rn
are denoted by L1(Rn) and L2(Rn), respectively. For f ∈ L1(Rn), the Fourier transform of f is
defined by
fˆ(ξ) :=
∫
Rn
f(x)e−ix·ξ dx, ξ ∈ Rn.
The Fourier transform has a natural definition on L2(Rn). The operator
√−∆, the square root
of −∆, is defined by
√−∆f(x) = (2pi)−n
∫
Rn
fˆ(ξ)|ξ|eix·ξdξ,
for all f with fˆ(ξ)|ξ| ∈ L1(Rn); this is a pseudodifferential operator of order one with the symbol
|ξ|, and has a natural definition for all f with fˆ(ξ)|ξ| ∈ L2(Rn), too.
A multidimensional version of classical wavelet functions and transforms is defined as follows.
See [2, section 2.6] and [5]. We say that ψ ∈ L2(Rn), n ≥ 2, is a wavelet if the following
admissibility condition holds:
Cψ,n :=
∫
R
∫
SO(n)
|ψˆ(aρe)|2 dρ da|a| <∞,
where e is any unit vector in Rn and dρ is the Haar measure on SO(n). We note that the value
of Cψ,n is independent of the choice of e. For a ∈ R, a = 0, ρ ∈ SO(n), b ∈ Rn, we put
ψa,ρ,b(x) =
1
|a|nψ
(
1
a
ρ(x− b)
)
, x ∈ Rn.
Then the wavelet transform of f ∈ L2(Rn) is defined by
Wψf(a, ρ, b) =
∫
Rn
f(x)ψa,ρ,b(x) dx.
We now recall the classical inversion formula for wavelet transforms as follows:
f(x) = C−1ψ,n
∫
Rn
∫
SO(n)
∫
R
Wψf(a, ρ, b)ψa,ρ,b(x)
dadρdb
|a| , f ∈ L
2(Rn).
In this note, we say that ψ ∈ L2(Rn) is a wavelet if the following admissibility condition
holds:
Dψ,n =
∫
R
∫
G1(Rn)
|ψˆ(aαeα−1)|2 dα da|a| <∞,
where e is any unit vector in Rn and dα is the Haar measure on G1(Rn). We note that the value
of Dψ,n is independent of the choice of e. For a ∈ R, a = 0, α ∈ G1(Rn), b ∈ Rn, we put
ψa,α,b(x) =
1
|a|nψ
(
1
a
α(x− b)α−1
)
, x ∈ Rn.
Then the wavelet transform of f ∈ L2(Rn) is defined by
Wψf(a, α, b) =
∫
Rn
f(x)ψa,α,b(x) dx.
We have an analogous formula for wavelet transforms as follows:
f(x) = D−1ψ,n
∫
Rn
∫
G1(Rn)
∫
R
Wψf(a, α, b)ψa,α,b(x)
dadαdb
|a| , f ∈ L
2(Rn).
3 Main theorem
We are now ready to state the following main theorem.
Theorem 3.1 Let f , ψ, |ξ|ψˆ(ξ) ∈ L2(Rn) and f , fˆ ∈ L1(Rn). Suppose that for any unit vector
e ∈ Rn, we have ∫
R
∫
G1(Rn)
|ψˆ(aαeα−1)| dαda <∞.
Put
Aψ :=
∫
R
∫
G1(Rn)
ψˆ(aαeα−1) dαda,
where e is any unit vector. If Aψ = 0, then we have for almost every b ∈ Rn
f(b) = A−1ψ
∫
R
∫
G1(Rn)
√
−∆bWψf(a, α, b) dαda.
Furthermore, let ψ ∈ L1(Rn) and suppose that the function Bψ(p) defined by
Bψ(p) := 2pi
∫
x·e=p
∫
G1(Rn)
ψ(αxα−1) dαdµ, p ∈ R
is continuous at p = 0, where dµ is the Lebesgue measure on the hyperplane {x ∈ Rn |x ·e = p}.
Then we have Aψ = Bψ(0).
This theorem is an analogue of [4, Theorem 3.2], which is a multidimensional version of [3].
See also [1]. We only note that the Plancherel formula yields
Wψf(a, α, b) =
∫
Rn
f(x)|a|−nψ(a−1α(x− b)α−1) dx
= (2pi)−n
∫
Rn
fˆ(ξ)ψˆ(aαξα−1)eib·ξ dξ.
The rest of the proof proceeds in the same way as that of [4]. A major difference is the fact that
every rotation has a signature {±1}, and may have some further application.
4 Appendix
A matrix representation of the three dimensional rotation associated with a spin is given explic-
itly as follows:
For α = a+ be1e2+ce1e3+de2e3 ∈ G1(R3), the matrix representation A of the rotation τ(α)
is given by
A =
 a2 − b2 − c2 + d2 −2ab− 2cd −2ac+ 2bd2ab− 2cd a2 − b2 + c2 − d2 −2ad− 2bc
2ac+ 2bd 2ad− 2bc a2 + b2 − c2 − d2
 .
We can also make sure that the matrix A is orthogonal and detA = 1 by using the equality
a2 + b2 + c2 + d2 = 1.
References
[1] F. Brackx and F. Sommen, Clifford-Hermite wavelets in Euclidean space, J. Fourier Anal.
Appl. 6 (2000), no. 3, 299–310.
― 　 ―110
[2] I. Daubechies, Ten lectures on wavelets, CBMS-NSF Regional Conference Series in Applied
Mathematics, 61, Society for Industrial and Applied Mathematics (SIAM), Philadelphia,
PA, 1992.
[3] E.A. Lebedeva and E.B. Postnikov, On alternative wavelet reconstruction formula: a case
study of approximate wavelets, R. Soc. Open Sci. 1, 2014.
[4] S. Moritoh and N. Takemoto, Some variations on wavelet inversion formula, submitted to
R. Soc. Open Sci., 2017.
[5] R. Murenzi, Wavelet transforms associated to the n-dimensional Euclidean group with di-
lations: signal in more than one dimension, Wavelets (Marseille, 1987), 239–246, Inverse
Probl. Theoret. Imaging, Springer, Berlin, 1989.
[6] G. Shimura, Arithmetic of quadratic forms, Springer Monographs in Mathematics, Springer,
New York, 2010.
― 　 ―111
[2] I. Daubechies, Ten lectures on wavelets, CBMS-NSF Regional Conference Series in Applied
Mathematics, 61, Society for Industrial and Applied Mathematics (SIAM), Philadelphia,
PA, 1992.
[3] E.A. Lebedeva and E.B. Postnikov, On alternative wavelet reconstruction formula: a case
study of approximate wavelets, R. Soc. Open Sci. 1, 2014.
[4] S. Moritoh and N. Takemoto, Some variations on wavelet inversion formula, submitted to
R. Soc. Open Sci., 2017.
[5] R. Murenzi, Wavelet transforms associated to the n-dimensional Euclidean group with di-
lations: signal in more than one dimension, Wavelets (Marseille, 1987), 239–246, Inverse
Probl. Theoret. Imaging, Springer, Berlin, 1989.
[6] G. Shimura, Arithmetic of quadratic forms, Springer Monographs in Mathematics, Springer,
New York, 2010.
Further research on wavelet inversion formula
MORITOH……Shinya…and……TAKEMOTO……Nao
Abstract
This…note…is…an…announcement…of…a…continuation…of…the…authors'…paper…“Some…variations…on…
wavelet…inversion…formula".…The…aim…of…the…note…is…to…replace…the…special…orthogonal…group…by…the…
spin…group…in…the…wavelet…inversion…formula.
A…matrix…representation…of…the…three…dimensional…rotation…associated…with…a…spin…is…given…
explicitly…as…an…appendix.
